We prove congruences modulo 4 and modulo 8 for certain polynomial character sums, and use these congruences to give conditions for the nonvanishing of Brewer sums.
Introduction
For each natural number n and each nonzero complex number a, the Dickson polynomial V n (x, a) of the first kind of degree n is defined by [7] , or Lidl and Niederreiter's book [8, p. 355] .
For an odd prime p and an integer a not divisible by p, the generalized Brewer sum n (a) is defined for a natural number n by
where * p is the Legendre symbol (mod p). For a = 1, we set n = n (1), which is called the ordinary Brewer sum. Brewer sums n were first studied by Brewer [3] in 1961. In his paper Brewer evaluated 3 , 4 and 5 . In 1966 Brewer [4] introduced the sum n (a) and evaluated it for n = 5. In 1997 Leprévost and Morain [6] used the evaluation of 5 (a) in order to count the number of points on a certain elliptic curve with complex multiplication by Z[ √ −5]. For detailed properties of Brewer sums, see [1, Chapter 13 ]. This chapter is devoted to Brewer sums, and at the end of Chapter 13 an excellent survey on the historical development of the subject is given.
An important question is to determine a necessary and sufficient condition for n (a) = 0 (or n (a) = 0). In this paper we focus our attention on the vanishing or nonvanishing of n (a) when n is an odd prime.
It is known that V n (x, a) is a permutation polynomial over F p if and only if (n, p 2 − 1) = 1, and so n (a) = 0, see [8, 7. For odd primes n and p with (n, p 2 − 1) > 1 and p ≡ 1(mod 4), either p ≡ 1(mod n) or p ≡ −1(mod n). For these two cases, we develop some properties of certain polynomial character sums. Then, we make use of the factorization properties of Dickson polynomials over finite fields, see [2, 9] , and prove congruences (mod 4) and (mod 8) for n (a), see Theorems 3.3 and 3.4. From these theorems we deduce our main result: Theorem 1.1. Let n and p be odd primes with (n, p 2 − 1) > 1 and p ≡ 1(mod 4).
(i) Let p ≡ 1(mod n). If a ∈ F p is a quadratic residue and n ≡ 3(mod 4), or if a ∈ F p is a quadratic nonresidue, p ≡ 5(mod 8) and n ≡ 3(mod 4), then n (a) = 0.
(ii) Let p ≡ −1(mod n). If a ∈ F p is a quadratic residue, p ≡ 5(mod 8) and n ≡ 3(mod 4), or if a ∈ F p is a quadratic nonresidue and n ≡ 3(mod 4), then n (a) = 0.
Explicit factorization of Dickson polynomials over F p
In order to prove Theorem 1.1, we make use of the factorization of Dickson polynomials over F p .
Let p be an odd prime, let n be an odd prime with p n, let a be an integer not divisible by p, and let be a primitive 4nth root of unity in the algebraic closureF p of F p . It is known that the factorization of The following two Theorems give the explicit factorization of V n (x, a) over F p [x] , which follow from the factorization in (2.1).
Theorem 2.1. Let n and p be odd primes such that p ≡ 1(mod 4) and p ≡ 1(mod n).

Let g be a primitive root (mod p), and let
where √ a represents a fixed square root of a in F p .
(
4n is a primitive 4nth root of unity in F p and h n +h −n = 0. (i) Since a ∈ F p is a quadratic residue, the factorization of V n (x, a) given in (2.2) follows from the factorization in (2.1).
(ii) Since a ∈ F p is a quadratic nonresidue, then
. Thus, the factorization of V n (x, a) given in (2.3) follows from the factorization in (2.1).
Theorem 2.2.
Let n and p be odd primes such that p ≡ 1(mod 4) and p ≡ −1(mod n), so that 
which implies that p = − −1 . Hence for (l, 2n) = 1 we have
On the other hand, we have
Thus
we see that a( l + −l ) 2 is a quadratic nonresidue in F p . We also note that
Hence we have
which is irreducible in F p [x] . Thus, the factorization of V n (x, a) given in (2.4) follows from the factorization in (2.1).
(ii) If a ∈ F p is a quadratic nonresidue, then a( l + −l ) 2 ∈ F p is a quadratic residue, and the factorization of V n (x, a) given in (2.5) follows from the factorization in (2.1).
Congruences for certain character sums
In this section we prove some congruences modulo 4 and modulo 8 for certain character sums. These congruences are used together with the factorization of Dickson polynomials given in Section 2 to prove our main result (Theorem 1.1) in the next section. Let a 0 , a 1 , . . . , a k be integers which are incongruent modulo p. Then
Theorem 3.1. Let p be a prime with p ≡ 1(mod 4). Let k be a nonnegative integer.
Proof. We note that as a 0 , a 1 , . . . , a k are incongruent modulo p we have k p − 1. Set
the result is true for k = 0. It follows from [1, Theorem 2.
Thus the result is true for k = 1. For k = 2, we have
As p ≡ 1(mod 4), we have
Thus the result is true for k = 2 as well.
For k 3, we have
Expanding the product, we obtain
Hence, as A 1 = B 0 (since p ≡ 1(mod 4)), we have 0 , a 1 , . . . , a N+1 ) ≡ S(a 1 , . . . , a N+1 ) + S(a 0 , a 2 
